For every odd prime number p, we give examples of non-constant smooth families of genus 2 curves over fields of characteristic p which have pro-Galois (pro-étale) covers of infinite degree with geometrically connected fibers. The Jacobians of the curves are isomorphic to products of elliptic curves.
Introduction
In the following, unless stated otherwise, a curve over a field is assumed to be smooth, proper and geometrically connected. This work is motivated by the following general problems.
Consider all curves of a certain prescribed genus over fields of a certain type (e.g. algebraically closed, local, finitely generated). Does then under these curves exist a curve C over a field K which allows an infinite tower of non-trivial unramified covers · · · −→ C i −→ · · · −→ C 0 = C such that for all i, C i is also a (geometrically connected) curve over K and C i −→ C is Galois? If this is the case does there exist a non-constant (non-isotrivial) curve with these properties?
In this article, we address the problem for genus 2 curves over finitely generated fields. We will give explicit examples of non-constant (non-isotrivial) genus 2 curves over global fields of odd characteristic which allow such a cover.
We will use the following terminology. A curve cover over K is a surjective morphism of curves over K. A projective limit of curves (where the morphisms are curve covers) over K is called a pro-curve over K. We say that a curve cover is Galois if it is unramified and the corresponding extension of function fields is Galois. A pro-curve cover of a curve C over K is a surjective morphism π : D −→ C where D is a pro-curve. We are mainly interested in pro-Galois pro-curve covers which we shall abbreviate by pro-Galois curve covers.
With this terminology, the general problem posed above can be reformulated as follows: May curves with a certain prescribed genus over fields of certain types allow pro-Galois curve covers of infinite degree?
As an example consider the case that K is an algebraically closed field. Then a curve C over K allows a pro-Galois curve cover of infinite degree and only if the genus of C is ≥ 1. The situation is very different over finitely generated fields.
No curve of genus 1 over a finitely generated field K has a pro-Galois curve cover of infinite degree. There even exists a universal bound n = n(K) such that all Galois curve covers of a genus 1 curve with a rational point over K have degree ≤ n. Indeed, by the Theorem of Mazur-Kamienny-Merel (see [13] ) and an induction argument on the absolute transcendence degree of K, there exists a number n = n(K) such that all elliptic curves over K have at most n K-rational torsion points -from this the assertion follows; see [5, Section 2] for details.
If K is finitely generated and C is a curve over K corresponding to the generic point of the moduli scheme of curves of a certain genus, the authors expect that C also does not have a pro-curve cover of infinite degree. But for special curves the situation changes. For every natural number g ≥ 3 and every field K containing the 4-th roots of unity, explicit examples of curves over K of genus g having a pro-Galois curve cover of infinite degree can be given. If K is not finite over its prime field the curves can be chosen to be non-constant and even non-isotrivial (i.e. for every extension of the ground field, they stay non-constant); see [5, 4] .
For finite fields, examples of curves of genus 2 with a pro-Galois curve cover of infinite degree are known; see [9, §3, Examples 2,3], [5] . In this paper we are interested in the question whether there exists a non-constant (or non-isotrivial) curve C of genus 2 over some finitely generated field such that C has a pro-Galois curve cover of infinite degree. For every odd prime p, we shall give explicit examples of such curves over global function fields of characteristic p.
Our main result is the following theorem. (For the terminology, see the end of the introduction.)
Theorem Let p be an odd prime. Let N be an odd natural number. Let S be an affine curve over a finite field of characteristic p. Let τ : E −→ E ′ be an isogeny of elliptic curves of degree N over S such that for no geometric point s of S, there exists an isomorphism α : [2] . Then there exists a curve C over S and a Galois cover T −→ S with Galois group a (finite) elementary abelian 2-group such that:
• The Jacobian of C is isomorphic to E × E ′ .
• The curve C T over T has a pro-Galois curve cover whose Galois group G fits into an exact sequence
for some r ≤ 4, where the A n i are alternating groups for pairwise distinct n i .
Let p and N ≥ 3 be as in the Theorem and p prime to N . It is wellknown that there exists a fine moduli scheme for elliptic curves with cyclic subgroups of order N and level-4-structure (of fixed determinant ζ 4 ) over schemes over F p (ζ 4 ). (We use that p is odd.) Let us denote this scheme by Y 0 (N ; 4) Fp(ζ 4 ) -it is an affine curve over F p (ζ 4 ). Let τ : E −→ E ′ be the universal elliptic curve over Y 0 (N ; 4) Fp(ζ 4 ) . There exists a (uniquely determined) open subscheme S of Y 0 (N ; 4) Fp(ζ 4 ) such that for all geometric points y of Y 0 (N ; 4) Fp(ζ 4 ) , y is a geometric point of S if and only if there does not exist an isomorphism α : E y −→ E ′ y with α| Ey [2] = τ y | Ey [2] ; see e.g. [1, Remark 2.16 and Proposition 3.1]. Obviously, S is nonempty (as otherwise the universal elliptic curve over X 0 (N ; 4) Fp(ζ 4 ) would have complex multiplication). Now the Theorem can be applied to the restriction of the universal isogeny τ : E −→ E ′ to S.
Remarks
• It is an open problem whether there exists a curve of genus 2 over a finitely generated field of characteristic 0 with a pro-Galois curve cover of infinite degree. The existence of such a curve would of course be implied by the existence of a genus 2 curve C with a pro-Galois curve cover of infinite degree over an open part of Spec(O K ), where O K is the principal order in a number field. In Subsection 4.2 we discuss difficulties occuring when one tries to adapt the proof of the Theorem to the "mixed-characteristic case".
• There is a sharpening of the condition on a curve over a field having a pro-Galois curve cover of infinite degree.
Let C be a curve over a field K and let P ∈ C(K). In [5] , the Krational geometric fundamental group is introduced, let us denote this group by π geo 1 (C, P ). The group π geo 1 (C, P ) classifies pro-étale (curve) covers c : D −→ C such that P splits completely. If deg(c) is finite, this means that the topological point P has exactly deg(c) preimages under c. Thus the group π geo 1 (C, P ) is infinite if and only if a pro-étale (or pro-Galois) (curve) cover of D −→ C of infinite degree exists such that P splits completely.
For every prime p, there exists a curve over a finite field K of characteristic p with infinite K-rational geometric fundamental group. There also exists a non-isotrivial curve over a function field in one variable over a finite field of given prime characteristic p with infinite K-rational fundamental group; the follows from [4, Theorem 4.3] .
Moreover, for every natural number g ≥ 3 and every field K containing the the 4-th roots of unity of characteristic congruent 3 modulo 4, explicit examples of curves over K of genus g having an infinite K-rational fundamental group can be given. If K is not finite over its prime field the curves can be chosen to be non-isotrivial; see [4 
It is an open problem whether any curve over a finitely generated field K of characteristic 0 with infinite K-rational geometric fundamental group exists, and the case g = 2 remains open in any characteristic. The pro-Galois covers of the genus 2 curves C over T given in this work have the property that for no κ-valued point of T , where κ is any finitely generated field, the induced pro-Galois curve cover over κ has a point which splits completely; see Remark 3.16.
The proof of the Theorem is organized as follows:
In Section 1, we show some basic results on ramification loci on varying covers of a fixed elliptic curve by a fixed genus 2 curve over an algebraically closed field. In Section 2, we fix an isogeny τ : E −→ E ′ as in the Theorem (but over a more general base scheme) and associate to it a genus 2 curve C and two canonical covers C −→ E and C −→ E ′ of degree 2 to the two elliptic curves. We first show that the Jacobian of the curve C is in fact isomorphic to E × E ′ . We then show with the results of Section 1 that there are infinitely many covers from C to E with the same ramification and branch loci and pairwise distinct degrees. In Section 3, we show how the existence of infinitely many minimal genus 2 covers of a given elliptic curve with the same branch loci implies (under some conditions) a statement as is given under the second point of the Theorem. The results of Section 2 and this result imply the Theorem.
The authors would like to thank E. Kani and E. Viehweg for fruitful discussions on questions related to this work.
Terminology and discussion of some well-known facts
The usage of "Galois" follows [6, Exposé V] . This means in particular: If Y is a locally noetherian, integral, normal scheme, X is an integral scheme and f : X −→ Y is a finite surjective morphism, then f is a Galois cover if and only if it is unramified and the corresponding extension of function fields is Galois; see [6, Exposé I, Corollaire 9.11.] and [6, Exposé V, §8].
A (relative) curve of genus g over some locally noetherian scheme S is a smooth, proper S-scheme with all geometric fibers connected non-singular curves of genus g. We will often use the fact that a curve over a regular scheme is regular; see [6, Exposé II, Proposition 3.1.].
We denote curves over S by C, D, E, . . .. If S is the spectrum of a field, we also use the notation C, D, E, . . ..
A curve cover of a curve C over S of degree n is a finite and flat Smorphism π : D −→ C of constant degree n, where D is also a curve over S.
Note that an S-morphism π : D −→ C between two curves over S which induces curve covers of the same degree on the fibers over S is automatically finite and flat, i.e. it is a curve cover. (The morphism is fiberwise flat by [8, Proposition 9.7] and thus flat by [7, IV (11.3.11) ], it is finite by [7, IV (8.11.1) ].)
A pro-curve over S is a projective limit in the category of S-schemes of a projective system of curves and where the morphisms are curve covers over S.
A pro-curve cover of a curve C over S is an S-morphism π : D −→ C where D is a pro-curve over S such that whenever F is a curve over S and π factors through an S-morphism F −→ C, this morphism is a curve cover.
We shall identify effective Cartier divisors on a noetherian integral scheme X with the locally principal closed subschemes of X; cf. [8, Remark 6.17 .1], [7, 21.2.12] . (This means in particular that Cartier divisors on an integral, regular schemes are identified with closed subschemes of codimension 1.) If additionally X is an S-scheme, then under this identification, relative effective Cartier divisors on X over S correspond to locally principal closed subschemes of X which are flat over S; see [14, Definition 3.4] .
Let S be a scheme. If S is integral, we denote its function field by κ(S).
It is useful to keep in mind that a regular scheme is also locally integral and normal; see [12, Theorem 14.3, Theorem 19.4] . In particular, its connected components are integral; see [7, I (4.5.6) ].
If X is an S-scheme and T −→ S is a morphism, we denote the pull-back of X to T by X T . If α : X −→ Y is a morphism of S-schemes, we denote its pull-back via T by α T :
If A is an abelian scheme over S, we denote the dual of A by A. If ϕ : A −→ B is a homomorphism of abelian schemes over S, we denote the dual homomorphism by ϕ : B −→ A.
If A and B are two abelian schemes over S, we denote the product over S by A × B. If A 1 , . . . , A n and B 1 , . . . , B m are abelian schemes over S, we have a canonical isomorphism between the group of homomorphisms from i A i to i B i and the group of matrices (a i,j ) i=1...,m,j=1,...,n , where a i,j ∈ Hom S (A j , B i ). The composition of homomorphisms (if applicable) corresponds to the multiplication of the matrices. If we use matrices, we identify Z with its image in any endomorphism ring.
If C is a curve over S, we denote its Jacobian by J C and the canonical principal polarization on J C by λ C :
Let E be an elliptic curve over S, C a genus 2 curve over S, π : C −→ E a curve cover. We call π minimal if it does not factor through a non-trivial isogeny E 1 −→ E. Note that this is equivalent to ker(π * : J C −→ E) being an elliptic curve, and it is equivalent to π * : E −→ J C being a closed immersion; see the beginning of Section 2 of [10] and Point 7) in Section 7 of [10] .
Let π : X −→ Y be a finite morphism of locally noetherian schemes. Then the image π(x) ∈ Y of a ramification point x ∈ X is called branch point. The set of ramification points as well as the set of branch points are closed in X and Y respectively; the corresponding schemes with the reduced induced scheme structures are called ramification locus and branch locus.
Following [11, VIII, §4], we say that a field extension K|k is regular if K ⊗ k k is a domain (k = algebraic closure of k). This notion should not be confused with the notion of a regular scheme.
The ramification loci of genus 2 covers of an elliptic curve
Let κ be an algebraically closed field. When we speak of the "intersection" of two curves on a smooth surface, we mean the scheme-theoretic intersection.
We will use some easy results from intersection theory which we recall in an appendix to this section. Let C be a curve of genus 2 over κ.
Proposition 1.1 Let P be a closed point of C, let c : C −→ E be a cover which maps P to 0 E , let ι : C −→ J C be the canonical immersion which maps P to 0 E . Then the following assertions are equivalent.
We know that c −1 (0 E ) is a 0-dimensional closed subscheme on C, and its support contains P . Both statements of the proposition are equivalent to the multiplicity of c −1 (0 E ) at P being 1. 2 • Either the intersection of ker(c 1 * ) and ker(c 2 * ) is a reduced (étale) finite group scheme and ramification loci of c 1 and c 2 are disjoint.
• or the intersection of ker(c 1 * ) and ker(c 2 * ) is a non-reduced finite group scheme and the ramification loci of c 1 and c 2 are equal.
Note that if char(κ) = 0 the first alternative holds.
Proof. The fact that the abelian subvarieties ker(c 1 * ) and ker(c 2 * ) of J C intersect in a finite group scheme follows because by assumption there does not exist a δ ∈ Iso(E 1 , E 2 ) with δ • c 1 * = c 2 * . Note that ker(c 1 * ) and ker(c 2 * ) intersect transversally at 0 if and only if the intersection of the two elliptic curves a reduced (étale) finite group scheme.
Let P be a closed point of C. By composing the c i with suitable translations on E, we can assume that c i (P ) = 0 E (i = 1, 2). We can now apply the previous proposition. By the fact that "non-transversal intersection at P " is an equivalence relation (see Lemma 1.6), we conclude:
If ker(c 1 * ) ∩ ker(c 2 * ) is a non-reduced finite group scheme, P is a ramification point of c 1 if and only if it is a ramification point of c 2 .
If on the other hand ker(c 1 * ) ∩ ker(c 2 * ) is a reduced finite group scheme, P cannot be a ramification point of both c 1 and c 2 .
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Appendix to Section 1: Some intersection theory
Let κ be an algebraically closed field, let X be a smooth surface over κ, let P ∈ X be a closed point. When we speak of a curve Y in X, as always we assume that Y is smooth. It would however for the following arguments suffice if we assumed that X and Y are smooth at P . Note that X is locally factorial, so if Y ֒→ X is a 1-dimensional closed subscheme of X containing P with canonical closed immersion ι Y : Y ֒→ X, the kernel of ι # Y : O X,P −→ O Y,P is generated by a single element f ∈ O X,P (unique up to a unit). We call such an f a local equation of Y at P . Note that f ∈ m X,P .
Let Y 1 and Y 2 be a 1-dimensional closed subschemes of X such that P ∈ Y 1 , P ∈ Y 2 . We say that Y 1 and Y 2 intersect transversely at P if the local equations of Y 1 and Y 2 at P generate m X,P .
Proof. This follows easily from the fact that X is regular and 2-dimensional whereas Y is regular and 1-dimensional. 2 Proof. a) and b) are equivalent by Nakayama's Lemma. The local ring of
. This implies that a) holds if and only if the local ring of Y 1 ∩ Y 2 at P is isomorphic to Spec(κ). This in turn is equivalent to c). 2
We define a relation on the set of all curves Y lying in X and meeting • ker(π * ) = Im((π ′ ) * ) and ker(π * ) = Im(π ′ * ),
Here, W C is the Weierstraß divisor of C and (In [1] , the triple (C, π, π ′ ) is called a "normalized symmetric pair".) Let γ : E × E ′ −→ J C be the homomorphism given by the matrix π * (π ′ ) * . (We indentify E and E ′ with its duals.) Let ψ := τ | E [2] :
By [1, Proposition 2.14] (or the proof of the "symmetric basic construction" in [1] ), the kernel of γ is Graph(−ψ) = Graph(ψ), and the pull-back of the canonical principal polarization of J C via π is twice the canonical product polarization of E × E ′ .
Proposition 2.1
The Jacobian J C is isomorphic to E × E ′ .
Proof. As said above, J C is isomorphic to (E × E ′ )/Graph(−ψ). The latter is in turn isomorphic to E × E ′ . In fact, the isogeny Φ :
given by the matrix 2 0 τ 1 has kernel Graph(−ψ), thus it induces in
Note that by the group structure on E for all a, b ∈ Z, we have a morphism aπ + b τ π ′ : C −→ E. We have a bilinear form
Let us fix the following notation: For (a, b) ∈ Z 2 , we denote the ramification locus of aπ + b τ π ′ by V (a,b) and the branch locus by ∆ (a,b) . Further, we set V := V (1,0) and ∆ := ∆ (1,0) .
Proof. By Proposition 1.3, we know that the equality (V (1,b) ) y = V y holds fiberwise for all geometric fibers y. This implies that the underlying sets of V (1,b) and V are equal. As both schemes are endowed with the reduced induced scheme structure, we have that V Proof. The statement on the degree follows from (1).
To show that π + b τ π ′ is minimal, i.e. that it does not factor through a non-trivial isogeny E −→ E, it suffices to show that the homomorphism π * + b τ π ′ * : J C −→ E does not factor through a non-trivial isogeny E −→ E. Assume that π * + b τ π ′ * : J C −→ E factors through an isogeny E −→ E.
• γ is given by the matrix 2 2b τ . This implies that the degree of the isogeny divides 4.
To rule out the the degree is 2 or 4, we consider the commutative diagram Under the horizontal isomorphism in the diagram, π * + b τ π ′ * is given by the matrix ( 1 − bN 2b τ ).
As by assumption 1 − bN is odd and 2b is even, the degree of E −→ E cannot be divisible by 2. Hence π + b τ π ′ : C −→ E is minimal. Proposition 3.1 Let p be an odd prime, let N be odd. Let S be a locally noetherian scheme of characteristic p, let τ : E −→ E ′ be a cyclic isogeny of degree N over S such that for no geometric point s of S, there exists an isomorphism α : E s −→ E ′ s such that α| Es [2] = τ s | Es [2] .
Then there exists a genus 2 curve C over S with Jacobian isomorphic to E × E ′ and a sequence (π i ) i∈N 0 of minimal covers π i : C −→ E with pairwise distinct degrees and deg(π 0 ) = 2 such that the branch loci of the π i are all equal.
The goal of this section is to proof the following proposition which together with the previous proposition implies the Theorem. 
Then there exists a Galois cover T −→ S with Galois group a (finite) elementary abelian 2-group such that the curve C T over T has a pro-Galois curve cover whose Galois group G fits into an exact sequence
Let the assumptions of the proposition be satisfied, let n i := deg(π i ). We can assume that the degrees the π i are ≥ 5 for i ≥ 1. Furthermore, we can assume that S is connected. This implies that S is integral; see [12, Theorem 14.3] and [7, I (4.5.6)].
Let ∆ be the branch locus of each of the π i . As all residue characteristics are distinct from 2 and deg(π 0 ) = 2, for any s ∈ S (π 0 ) s is genericallyétale, in particular, (π 0 ) s is finite, and all branch points in codimension 1 on E lie in the generic fiber over S.
More precisely, we have by [1, Lemma 3.13]:
Lemma 3.3 The canonical morphism ∆ −→ S is anétale cover of degree 2.
Note that the curve E over S gives rise to an elliptic curve over κ(S). In particular, the field extension κ(E)|κ(S) is regular. Let L i |κ(E) be the Galois closure of the extension of function fields κ(C i )|κ(E) given by π # i . Let us fix some compositum L i κ(S) of L i and κ(S) over κ(S).
Lemma 3.4 The Galois group of L i κ(S)|κ(E)κ(S)
is isomorphic to the symmetric group S n i . In particular, the Galois group of L i |κ(E) is isomorphic to S n i , and L i |κ(S) is regular.
Proof. As the extension of function fields κ(C i )κ(S)|κ(E)κ(S) over κ(S) has 2 branched places, the conorm of each of one these places has the form P 2 1 P 2 · · · P n−1 , where the P i are pairwise distinct places. Moreover, as π i : C i −→ E is minimal, κ(C i )|κ(E) has no non-trivial subfields, and the same is true for κ(C i )κ(S)|κ(E)κ(S). Now the statement follows from Lemma 3.20. 2
. Let C i be the normalization of E in L i , and let C 0 i be the normalization of E in L 0 i . For t ∈ N, let D t be the normalization of E in some compositum of κ( C 1 ), . . . , κ( C t ) over κ(E), and let D 0 t be the normalization of E in some compositum of κ( C 0 1 ), . . . , κ( C 0 t ) over κ(E). The extensions κ(D t )|κ(E) and κ(D 0 t )|κ(E) are Galois, and κ(D 0 t )|κ(E) has as Galois group an elementary abelian 2-group.
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v v n n n n n n n n n n n n n n n n E Our goal is now to proof the following proposition.
Proposition 3.5 For all t ∈ N, we have:
a) The morphisms D t −→ C and D 0 t −→ C are Galois covers. 
In particular, Gal(S 0 t → S) is an elementary abelian 2-group.
Let us for the moment assume this proposition. Then it is not difficult to derive Proposition 3.2:
For any t ∈ N, the cover D 0 t −→ C is a composite of the cover D 0 t −→ C S 0 t and the cover C S 0 t −→ C. By the last point of the proposition and the assumption that π 1 (S)/π 1 (S) 2 is finite, there exists some t 0 ∈ N such that for t > t 0 , the canonical morphism
Then for all t ≥ t 0 , D t is a curve over T , and so is C T . Let D := lim ←− D t . Then D is a pro-Galois curve cover of C T of infinite degree. Moreover, the Galois group is an extension of a group of the form (Z/2Z) r with r ≤ 4 by
Galois with elementary abelian 2-group S
It follows the proof of Proposition 3.5 which we have divided into several lemmata.
Proof of Assertion a)
Let us recall Abhyankar's Lemma:
For a proof see [17, Proposition III.8.9 ] -the more restrictive assumptions in the formulation of the Lemma in [17] are not necessary. Proof. The first statement follows from the following general fact: If one normalizes an integral noetherian scheme in a finite separable extension of its function field, the canonical morphism is finite. The second statement follows with Abhyankar's Lemma.
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Let t ∈ N be fixed. By Lemma 3.7, the branch loci of D t −→ E and C −→ E are equal, and the ramification indices of the branched points in codimension 1 are dividing 2. As L 0 |κ(E) has degree 2, this implies that for all points x in codimension 1 of E, all ramification indices of D t −→ E at x divide all ramification indices of C 0 −→ E at x. By Abhyankar's Lemma, D t −→ C is unramified at all points of codimension 1. As S is regular and C is smooth over S, C is regular (in particular normal).
By "purity of the branch locus" ([6, Exposé X, 3.1.]), D t −→ C is unramified everywhere, and because C is normal, it isétale; see [6, Exposé I, Corollaire 9.11.].
Proof. By the last lemma, we already know that the morphisms D t −→ C areétale covers. Moreover, the corresponding extensions of functions fields are Galois. As C (respectively D t 0 ) is normal, this implies that the covers D t −→ C and D t −→ D 0 t are Galois. This implies with [6, Corollaire 3.4.] that D 0 t −→ C isétale. It is Galois because the corresponding extension of function fields is Galois (and C is normal).
Proof of Assertions b) and c)
By construction, κ(D 0 t )|κ(E) is Galois with Galois group an elementary abelian 2-group. It follows that the Galois group of D 0 t −→ C is an elementary abelian 2-group.
The covers D t −→ D 0 t are more interesting:
For the proof, we need a group theoretical lemma. Lemma 3.11 Let G 1 , . . . , G t be groups such that for no i, j with i = j, G i and G j have a non-trivial common quotient, and let G be a group with surjective homomorphisms
Proof. For t = 2 the proof is as follows, the general case follows by induction.
Let N := ker(p 1 ) ∪ ker(p 2 ) -this is a normal subgroup of G. We have canonical surjective homomorphisms
This implies that p 1 | ker(p 2 ) : ker(p 2 ) −→ G 1 and p 2 | ker(p 1 ) : ker(p 1 ) −→ G 2 are surjective. This in turn implies that the image of p contains G 1 × {1} and {1} × G 2 , thus p is surjective.
Proof of Lemma 3.10. The groups Gal(κ( C i )|κ( C 0 i )) are isomorphic to A n i , and the groups Gal(κ(D 0 i )|κ( C 0 i )) are elementary abelian 2-groups. As n i ≥ 5 for all i, the groups A n i are simple (see [16, Theorem 3.15] ) and in particular have no non-trivial elementary abelian 2-group as quotient. By Lemma 3.11, the extensions κ(D 0 t ) and κ( C i ) are linearly disjoint over κ(
is Galois, and the restrictions
) are isomorphisms (this will also be used in the proof of the next lemma).
Again by Lemma 3.11, the induced homomorphism
A n i is surjective. It is obvious that it is injective.
Proof of Assertion d)
Lemma 3.12 Let F t be the algebraic closure of κ(S) in κ(D 0 t ). Then κ(D t )|F t is regular.
Again we need a group theoretical lemma first. Lemma 3.13 Let G 1 , . . . , G t be groups such that for no i, j with i = j, G i and G j have a non-trivial common quotient, and let G be a group with a homomorphism ϕ :
Proof. Again, the general case follows by induction from the case for t = 2. In this case, the proof is as follows.
Obviously, N 1 × N 2 in contained in the kernel of ϕ. The group ϕ(G 1 × {1}) ∩ ϕ({1} × G 2 ) is contained in the center of ϕ(G 1 × {1}) as well as in the center of ϕ({1} × G 2 ). This implies with the assumptions that the group is trivial. Now if ϕ(g 1 , g 2 ) = 1, then ϕ(g 1 , 1) = ϕ(1, g
. Thus this has to be 1. Again be the assumptions,
2 solute transcendence degree of the base field, any curve of genus ≥ 2 over a finitely generated field can only have finitely many rational points, a contradiction.
Appendix to Section 3: Some Galois theory
Recall the following definition; cf. [18] :
Let Ω be a finite set, G ≤ Perm(Ω) a permutation group on Ω. A block of G is a subset B ⊆ Ω such that for all g ∈ G, g(B) = B or g(B) ∩ B = ∅. If G is transitive and has no non-trivial blocks (i.e. no blocks = Ω consisting of more than one element) then G is called primitive. Proof. Let L be generated by a root of the irreducible polynomial f (X) ∈ K[X]. Let M |K be a Galois closure of L|K. Let P be a place of M lying over p, let G P|p be the decomposition group, Z P the decomposition field. It follows from [15, Satz 8.2] and [15, Satz 9.6 ] that f (X) splits over Z P as
where f 1 (X) is quadratic and α i ∈ K. It follows that G P|p is cyclic of order 2, and the non-trivial element of G P|p fixes the α i and permutes the two roots of f 1 (X) in M .
This means that the monodromy group of L|K contains a transposition. The result follows with the above lemma and proposition. 2
Complementary results

Abelian varieties isogenous and isomorphic to a product of elliptic curves
Recall that if C −→ E is a minimal cover of degree n over some scheme S, the Jacobian of C is as principally polarized abelian variety isomorphic to ((E × E ′ )/Graph(−ψ), λ) where E ′ is an elliptic curve over S, ψ :
is an isomorphism which is anti-isometric with respect to the Weil pairing and λ is the (principal) polarization whose pull-back to E × E ′ is n times the product polarization; see [10] . An important special case is that ψ is induced by an isogeny τ : E −→ E ′ (necessarily of degree coprime to n). In this case (E × E ′ )/Graph(−ψ) is in fact always isomorphic to E × E ′ as can be seen by the following easy generalization of the proof of Proposition 2.1.
Let n is some natural number, let E, E ′ two elliptic curves over a scheme S, let τ : E −→ E ′ be any isogeny of degree N coprime to n.
Then the isogeny Φ : E × E ′ −→ E × E ′ given by the matrix ℓ 0 τ 1 has kernel Graph(−ψ), thus it induces in isomorphism
Assume now that ψ is anti-isometric with respect to the Weil pairing, i.e. that N is congruent to −1 modulo n. Then (E × E ′ )/Graph(−ψ) has a principal polarization λ whose pull-back to E×E ′ is n id E×E ′ ; see [10, Proposition 5.7] . (As in Section 2, we identify elliptic curves (and products of elliptic curves) with its duals, so that the canonical (product) polarizations become the identity.) Under isomorphism (2), the polarization λ corresponds to the principal polarization λ on E × E ′ whose pull-back with Φ is also n id E×E ′ , i.e. we have Φ λ Φ = ℓ id E×E ′ . It follows that λ = ℓ Φ −1 Φ −1 , and consequently λ is given by the matrix
In particular, any principally polarized abelian surface considered in [2, Proposition 3.1.] is isomorphic to a product of elliptic curves with a polarization given by (3).
The number field case
It is interesting to note that the assumptions of Proposition 3. Proof. By Faltings' proof of the Shafarevich Conjecture, there exist only finitely many isomorphism classes of genus 2 curves over S. It thus suffices to proof the proposition under the assumption that the C i are equal to each other. Now the conclusion is implied by the following proposition.
2 Proposition 4.2 Let K be a finitely generated field of characteristic 0, E an elliptic curve and C a genus 2 curve over K. Then there does not exist a sequence (π i ) i∈N 0 of minimal covers π i : C −→ E with pairwise distinct degrees and the same branch locus which has degree 2.
Proof. We can assume that for no i, j ∈ N with i = j, there exists an isomorphism γ ∈ Aut(E) with π i = γπ j . Let ∆ be the common branch locus, let V i the ramification locus of π i . By the assumption and the Hurwitz genus formula both ∆ and V i have degree 2, thus the canonical maps V i −→ ∆ are isomorphisms. As by Proposition 1.2, the V i are pairwise disjoint, C has infinitely many ∆-valued points. This contradicts the fact that by Faltings' Theorem and an induction argument, any curve of genus ≥ 2 over a finitely generated field of characteristic 0 has only finitely many rational points. 2
One might ask whether there exists an elliptic curve E over a number field K and a sequence (π i ) i∈N of minimal covers π i : C i −→ E (where the C i are genus 2 curves over K) with pairwise distinct degrees and equal branch loci. With similar (but easier) arguments as in Section 3, the existence of such a sequence would lead to a genus 2 curve over the maximal elementary abelian 2-extension of K which has a pro-Galois cover of infinite degree.
There is the following conjecture closely related to the height conjecture for elliptic curves and so to the ABC conjecture.
Conjecture Let E be an elliptic curve over a number field K. Then there is a number n 0 (K, E) such that for all elliptic curves E ′ over K with E[n] isomorphic to E ′ [n] for some n > n 0 (K, E) it follows that E and E ′ are isogenous (over K).
This conjecture is equivalent to Conjecture 5 in [3] in the special case that the base field is a number field. (We use that the Faltings height over a number field is effective and that given two elliptic curves E and E ′ over a number field, there exists a number c 0 such that if E[n] is isomorphic to E ′ [n] for some n > c 0 , then E and E ′ are isogenous.) Proposition 4.3 Let K be a number field, E an elliptic curve over K. Then under the assumption of the above conjecture, there are only finitely many isomorphism classes of genus 2 curves occurring as minimal covers of E with covering degree > n 0 (K, E).
Proof. Let C −→ E be a genus 2 cover with covering degree N > n 0 (K, E), J C ≃ (E × E ′ )/Graph(−ψ), say. Then we have an isomorphism E[N ] ≃ E ′ [N ], thus by the conjecture E is isogenous to E ′ . This means that J C is isogenous to E ×E. By Faltings' results, there are only finitely many abelian surfaces isogenous to E × E, and any of these these finitely many abelian surfaces has up to isomorphism only finitely many principal polarizations. The result now follows by Torelli's Theorem. 
